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In this paper we examine topological properties of pointed metric measure spaces (Y , p)
that can be realized as the pointed Gromov–Hausdorff limit of a sequence of complete,
Riemannian manifolds {(Mni , pi)}∞i=1 with nonnegative Ricci curvature. Cheeger and Colding
(1997) [7] showed that given such a sequence of Riemannian manifolds it is possible to
deﬁne a measure ν on the limit space (Y , p). In the current work, we generalize previous
results of the author to examine the relationship between the topology of (Y , p) and its
volume growth. Namely, given constants α(k,n) which were computed in Munn (2010)
[16] and based on earlier work of G. Perelman, we show that if limr→∞ ν(Bp (r))ωnrn > α(k,n),
then the kth homotopy group of (Y , p) is trivial. The constants α(k,n) are explicit and
depend only on n, the dimension of the manifolds {(Mni , pi)}, and k, the dimension of the
homotopy in (Y , p).
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
The Gromov–Hausdorff limits of Riemannian manifolds with Ricci curvature lower bounds have become an important
focus in the modern study of Riemannian geometry. In their joint work, Cheeger and Colding proved a number of substantial
geometric properties and regularity results describing the nature of these limit spaces [7–9]. In particular, they show that
the limit space Y is in fact a metric space equipped with a measure ν satisfying the Bishop–Gromov Volume Comparison
Theorem originally stated for Riemannian manifolds (see Theorem 2.4). That is, assuming nonnegative Ricci curvature in the
sequence, for all z ∈ Y and 0< r1  r2,
ν(Bz(r1))
ν(Bz(r2))

(
r1
r2
)n
. (1)
Letting ωn denote the volume of an n-dimensional unit ball in Euclidean space, it follows that limr→∞ ν(Bz(r))ωnrn  1. Here
we study the topology of such limit spaces with an additional condition of Euclidean volume growth in the limit, that is
limr→∞ ν(Bz(r))ωnrn > 0. We show that the topology of the limit space simpliﬁes tremendously when the volume growth of Y is
carefully restricted.
Generally speaking, the Gromov–Hausdorff distance deﬁnes a very weak form of convergence. While in dimensions 1
and 2 the topology is somewhat well behaved, in higher dimensions very little can be said even when additional geometric
constraints are assumed for the sequence Mni . For example, in [15] Menguy constructs a sequence of 4-dimensional mani-
folds each with positive Ricci curvature and Euclidean volume growth but whose Gromov–Hausdorff limit possesses inﬁnite
topological type within balls of arbitrarily small radius. In the positive direction, Anderson [2] showed that the limit is in
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Table of α(k,n) values for 1 k 3, 1 n 10.
k = 1 k = 2 k = 3
n = 1 1− 1.04× 10−5 – –
n = 2 1− 1.65× 10−14 1− 7.05× 10−44 –
n = 3 1− 3.95× 10−28 1− 1.13× 10−91 1− 2.06× 10−289
n = 4 1− 3.02× 10−46 1− 1.23× 10−178 1− 9.30× 10−734
n = 5 1− 7.46× 10−69 1− 5.61× 10−309 1− 9.16× 10−1583
n = 6 1− 5.94× 10−96 1− 1.01× 10−491 1− 2.57× 10−3035
n = 7 1− 1.53× 10−127 1− 6.66× 10−736 1− 1.18× 10−5330
n = 8 1− 1.27× 10−163 1− 1.50× 10−1050 1− 2.33× 10−8748
n = 9 1− 3.40× 10−204 1− 1.07× 10−1444 1− 2.28× 10−13608
n = 10 1− 2.95× 10−249 1− 2.24× 10−1927 1− 5.70× 10−20271
fact a C1,α manifold assuming a two sided Ricci curvature bound and a uniform lower bound on the injectivity radius of the
sequence. Later, Sormani and Wei [20] showed that when the sequence has a uniform lower bound on the Ricci curvature
the limit space admits a universal cover and, in fact, if the sequence is additionally simply connected then the limit space
is its own universal cover. Further work of Ennis and Wei [10] describes the nature of the universal cover when the limit
space is compact.
The results of Sormani and Wei [20] can be also be used to extend another theorem of Anderson’s [3] comparing the
volume growth of a Riemannian manifold to the size of its fundamental group. They show that if the volume growth of the
sequence is at least half that of Euclidean space then the universal cover of the limit is the space itself. However, this does
not imply that the limit is simply connected. In fact, it remains an open question whether this condition on volume growth
implies simply connectedness in the limit or not (see Remark 2).
Here we prove a partial result in this direction. We give precise bounds α(1,n), see Table 1, for the volume growth of
Mni such that the following theorem holds:
Theorem 1.1. Let {(Mni , pi)} be a sequence of complete, n-dimensional Riemannian manifolds with RicMi  0. If (passing to a subse-
quence if necessary)
lim
r→∞
VolMi (Bpi (r))
ωnrn
>α(1,n), (2)
then the pointed Gromov–Hausdorff limit is simply connected.
In general, one cannot assume that the Gromov–Hausdorff limit of a sequence of manifolds with πk(Mni ) = 0 has trivial
kth homotopy group. Taking capped cylinders and moving the base point to inﬁnity through the Gromov–Hausdorff con-
vergence produces a cylinder in the limit (see Example 1, in Section 3 below). Although the elements of this sequence are
simply connected the limit is certainly not. However, Theorem 1.1 shows that this property does in fact hold provided the
volume growth is suﬃciently large for the manifolds throughout the sequence.
In fact, Theorem 1.1 is a consequence of a more general theorem relating the volume growth of the limit space and any
of its kth homotopy groups. Furthermore, the actual dependence on volume growth occurs not on the Mni in the sequence,
but only in the volume growth of their Gromov–Hausdorff limit (as illustrated by Example 3, in Section 3 below). We
ﬁnd constants α(k,n), depending only on the dimension of the manifolds in the sequence and on k the dimension of the
homotopy, such that
Theorem 1.2. Let (Y , p) be the pointed metric measure limit of a sequence of Riemannian manifolds {(Mni , pi)} all of whose Ricci
curvatures is nonnegative, RicMni  0, and let ν denote the renormalized limit measure of Y . If
lim
r→∞
ν(Bp(r))
ωnrn
>α(k,n), (3)
then πk(Y , p) = 0.
Theorems 1.1 and 1.2 are extensions of previous work of the author [16] which in turn follow from a result of G. Pe-
relman’s on complete, Riemannian manifolds with nonnegative Ricci curvature [18]. The proofs build upon Perelman’s by
determining precise constants for the volume growth where he only proved the existence of such a constant. These compu-
tations can be found in [16].
Remark 1. As previously stated, Menguy [15] showed that even assuming positive Ricci curvature and Euclidean volume
growth throughout the sequence it is possible for the Gromov–Hausdorff limit to have locally inﬁnite topological type. In
Theorem 1.2 we allow nonnegative Ricci curvature in the sequence and only bound the volume growth in the limit. These
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Example 3 in Section 3 below, we adapt Menguy’s construction to create a sequence where the volume growth restriction is
only obtained in the limit. While the elements of the sequence do not have trivial topology, we ﬁnd that the limit does. One
caveat to Theorem 1.2 however is that the bounds α(k,n) are very large and force the volume growth of (Y , p) to be very
near that of Euclidean space. It remains to show how sharp the values in Table 1 are and if our conclusions remain valid
under less rigid conditions on αY . Determining sharp bounds would more clearly illustrate the nature of the relationship
between volume growth and topology for such Gromov–Hausdorff limit spaces.
Remark 2. In [3] Anderson shows that for a complete Riemannian manifold Mn with nonnegative Ricci curvature the order
of its fundamental group is bounded above by the reciprocal of its volume growth. In particular, if
lim
r→∞
Vol(Bp(r))
ωnrn
>
1
2
, (4)
then π1(Mn) = 0. This was also proved independently by Li [13] using a heat kernel comparison argument. It is natural to
ask whether such a uniform control on the volume growth of a sequence of Riemannian manifolds with RicMni  0 forces
simply connectedness in the limit as well. Anderson’s proof utilizes the nonnegativity of Ricci curvature in the universal
cover and his argument cannot be extended a priori to a Gromov–Hausdorff limit. The proof of Theorem 1.2 however
extracts information about the fundamental group without appealing to the deck transformations of the universal cover. It
was shown by Sormani and Wei [20] that the universal cover of the limit is the space itself but this alone does not imply
simply connectedness, as illustrated in Example 5, in Section 3 below. The spherical suspension over the Hawaiian earring
is its own universal cover but it is not simply connected. Thus, in that sense Theorem 1.1 gives a partial solution to this
problem.
The condition on volume growth in Theorem 1.2 implies the sequence {(Mni , pi)} is noncollapsing and thus [7, Theo-
rem 5.9] the limit measure ν is in fact a multiple of the n-dimensional Hausdorff measure Hn of Y . Therefore, restricting
the volume growth of the manifolds throughout the sequence, yields precisely the same bound for the volume growth in
the limit. We have
Corollary 1.3. Let {(Mni , pi)} be a sequence of complete pointed Riemannian manifolds with RicMi  0 converging in the pointed
Gromov–Hausdorff sense to (Y , p). If there exists a subsequence {(M j, p j)} such that
lim
r→∞
VolM j (Bp j (r))
ωnrn
>α(k,n), (5)
then πk(Y , p) = 0.
Theorem 1.2 can be seen as a natural generalization of results that appeared in [16]. There we examined complete
Riemannian manifolds Mn with nonnegative Ricci curvature and employed techniques of Perelman to determine explicit
values α(k,n) for bounds of the volume growth of Mn (denoted by αM and deﬁned as in (11) but replacing ν with the
Riemannian volume element of Mn) which guarantee the kth homotopy group of Mn is trivial. These bounds depend only
on n the dimension of the manifold and k the dimension of the homotopy. By construction, these constants increase with
k and thus knowing αM > α(k,n) actually implies Mn is k-connected. Here we generalize this result to metric measure
spaces, speciﬁcally those which are the pointed Gromov–Hausdorff limits of complete Riemannian manifolds satisfying
RicMi  0. (6)
Such a limit space (Y , p) need not be a Riemannian manifold and so in some sense the condition of Ric  0 has its
counterpart through (6). The requirement on the volume growth of (Y , p) is equivalent to the Riemannian case only now
applied to the renormalized limit measure on Y obtained from [7]. The diﬃculty arises in verifying that the primary tools
that were used in [16] also hold in an appropriate sense for the limit space (Y , p). By proving analogs of these lemmas, we
can yield the same conclusions for πk(Y , p) that we proved in the Riemannian setting.
To make these ideas more rigorous, we now brieﬂy review the main ideas from [16] and explain how these concepts can
be adapted to examine metric measure limits.
Let Mn be a complete Riemannian manifold with Ric 0. The primary tool to show πk(Mn) = 0 was the Homotopy Con-
struction Theorem [16, Theorem 2.7]. This theorem states conditions which guarantee when a continuous map f : Sk → Mn
possesses a continuous extension g on Dk+1. The Homotopy Construction Theorem (HCT) is stated and proved for any
complete locally compact length space and does not require the smooth structure of a Riemannian manifold. In [16], the
necessary conditions of the HCT are shown to be satisﬁed when Mn has Ric 0 and the volume growth obeys certain lower
bounds. To obtain the conditions required to apply the HCT on Mn , we use two facts from the Riemannian geometry of man-
ifolds with nonnegative Ricci curvature: the Abresch–Gromoll excess estimate ([16, Theorem 1.3]; cf. [1,6]) and a maximal
volume lemma of Perelman ([16, Lemma]; cf. [18]). Both these lemmas are generalized for the limit space (Y , p) and appear
M. Munn / Differential Geometry and its Applications 28 (2010) 532–542 535here as Lemmas 5.1 and 5.2 (resp.). The generalized Perelman Maximal Volume Lemma guarantees the existence of a well
placed very long geodesic in (Y , p) provided the volume growth is large enough. The generalization of the Abresch–Gromoll
excess estimate is stated for geodesics in (Y , p) which arise as the limit geodesics in the sequence of converging manifolds.
Note that metric measure spaces with nonnegative Ricci curvature, as deﬁned by Lott and Villani [14] and Sturm [21], do
not satisfy the Abresch–Gromoll inequality and thus our results here do not extend to that class of spaces.
After proving these two generalizations, we then also have analogs of the Moving In Lemma [16, Lemma 3.4] and the
Main Lemma [16, Lemma 3.5] as stated for the limit space (Y , p). The proofs of the Moving In Lemma and Main Lemma
follow precisely as in [16] replacing the use of the Abresch–Gromoll excess estimate and Perelman’s Maximal Volume
Lemma with our generalized versions where necessary. The Moving In Lemma asserts that provided there is enough volume
growth, given a continuous map φ : Sk → Bq(ρ) there exists another continuous map φ˜ also deﬁned on Sk but whose image
lies within a ball at q with radius slightly smaller than ρ . The maps φ, φ˜ need not be homotopic but the diameter of their
images is controlled (in relation to the volume growth) in a uniform way. The Main Lemma provides a way of keeping track
of the increase in volume growth as the dimension of the homotopy increases and is proven by induction. In this sense,
the Moving In Lemma is the primary tool for constructing the homotopy (either in a Riemannian manifold Mn or a limit
space (Y , p)). In fact, this is the step in the argument where the volume growth restriction is introduced. With the Moving
In Lemma in place for (Y , p), the conditions for the HCT also hold in the limit space and thus the necessary homotopic
extension exists to guarantee πk(Y , p) = 0.
We proceed as follows: in Section 2 we review the basic ideas of pointed Gromov–Hausdorff distance and convergence
and deﬁne the renormalized limit measure for the limits of sequences satisfying (6). In Section 3 we provide examples
which aim to further demonstrate the relationship between the topology of pointed Gromov–Hausdorff limit spaces and
their volume growth. In Section 4 we prove a generalization of the Abresch–Gromoll excess estimate (Lemma 5.2) and a
generalization of Perelman’s Maximal Volume Lemma (Lemma 5.1). In Section 6 we show how to prove Theorem 1.2 using
these generalized lemmas.
2. Background and deﬁnitions
We begin by brieﬂy discussing the notion of Gromov–Hausdorff distance and convergence, ﬁrst for compact metric
spaces and then for the noncompact case. The Gromov–Hausdorff distance deﬁnes a metric on the class of isometry classes
of compact metric spaces, where the distance between isometric spaces is zero. More precisely,
Deﬁnition 2.1. (See [12, Deﬁnition 3.4]; cf. [5, Deﬁnition 7.3.10].) Let X and Y be two compact metric spaces. The Gromov–
Hausdorff distance between them, denoted dGH(X, Y ), is deﬁned as
dGH(X, Y ) = infdZH
(
f (X), g(Y )
)
,
where the inﬁmum is taken over all metric spaces Z and all isometric embeddings f : X → Z , g : Y → Z .
Here dZH denotes the Hausdorff distance between subsets of Z and is deﬁned as
dZH (A, B) = inf
{
 > 0: B ⊂ T(A) and A ⊂ T(B)
}
,
where T(A) = {x ∈ Z : dZ (x, A) < }. The pointed Gromov–Hausdorff distance is deﬁned exactly as above (as the inﬁmum
over Hausdorff distances of images in a common metric space Z ) but with the additional requirement that f (x) = g(y)
in Z .
A sequence of metric spaces {Xi}∞i=1 converges in the Gromov–Hausdorff sense to a compact metric space X provided
dGH(Xi, X) → 0. When noncompact metric spaces are involved it is necessary to keep track of a sequence of points pi ∈ Xi
through the convergence. We consider pointed metric spaces {(Xi, xi)} and deﬁne convergence in terms of the pointed
Gromov–Hausdorff distance which is essentially convergence on compact sets. For compact metric spaces the pointed
convergence and ordinary converge coincide. We deﬁne pointed Gromov–Hausdorff convergence as follows (cf. Appendix
in [20]):
Deﬁnition 2.2. (See [12, Deﬁnition 3.14].) A sequence of noncompact metric spaces (Xi, xi) converges in the pointed
Gromov–Hausdorff sense to (Y , y) if for all R > 0 there exists a sequence i → 0 such that Bxi (R + i) converges to B y(R)
in the Gromov–Hausdorff sense.
This is equivalent [5] to the following: for every r > 0 and η > 0, there exists an N > 0 such that for all i > N , there
exists a (not necessarily continuous) map f i : Bpi (r) → X satisfying
(1) f i(pi) = p∞;
(2) supx1,x2∈Bpi (r) |d( f i(x1), f i(x2)) − d(x1, x2)| < η;
(3) T( f i(Bpi (r))) ⊃ Bp∞(r − η).
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a collection of almost isometries exists. Gromov–Hausdorff convergence deﬁnes a very weak topology for metric spaces; and
in general, one can only expect that the limit of a sequence of length spaces is again a length space. Recall, a length space
is a metric space where points can be connected by a length minimizing geodesic. However, not every path minimizing
geodesic in the limit space is realized as the limit of geodesics in the sequence of manifolds.
Deﬁnition 2.3. Let (Y , p) be the pointed Gromov–Hausdorff limit of a sequence of Riemannian manifolds (Mni , pi).
A geodesic path σ ∈ Y is called a limit geodesic if it can be realized as the limit of geodesics σi ∈ Mni ; that is, there
exists an almost isometry f i such that f i(γi(t)) = γ (t).
When Gromov proved that the limit of a sequence of pointed Riemannian manifolds {(Mni , pi)}∞i=1 with lower bounded
Ricci curvature was a length space (Y , p), he in fact constructed limit geodesics (not just geodesics) between arbitrary pairs
of points. Indeed, every pair of points in Y has a limit geodesic of minimizing length connecting them.
Recall the Bishop–Gromov Volume Comparison Theorem for Riemannian manifolds:
Theorem 2.4. (See [4,12].) Let Mn be a complete n-dimensional Riemannian manifold with Ric 0. Then for all 0< r  R,
Vol
(
Bp(r)
)
ωnrn; (7)
and
Vol(Bp(r))
Vol(Bp(R))

(
r
R
)n
. (8)
Equality holds in (7) if and only if the ball B p(r) ⊂ Mn is isometric to the ball of radius r in Euclidean space.
Using a ball counting argument following from Theorem 2.4, Gromov showed that
Theorem 2.5. (See [12], cf. [5, Theorem].) Any pointed sequence of complete n-dimensional Riemannian manifolds {(Mni , pi)} with
nonnegative Ricci curvature has a subsequence which converges in the pointed Gromov–Hausdorff topology to a pointed length
space (Y , p).
In [7], Cheeger and Colding examine the structure of spaces Y , which can be realized as the pointed Gromov–Hausdorff
limits of sequences of complete, connected Riemannian manifolds, {(Mni , pi)}∞i=1 satisfying (6), see also [11]. Among other
things, they construct renormalized limit measures ν on the limit space Y and show that such a measure satisﬁes an analog
of the Bishop–Gromov Volume Comparison.
Theorem 2.6. (See [7, Theorem 1.6].) Given any sequence of pointed Riemannian manifolds {(Mni , pi)} for which RicMi  0, there is
a subsequence {(Mnj , p j)} convergent to some (Ym, p) in the pointed Gromov–Hausdorff sense, and a continuous function ν : Ym ×
R
+ → R+ , such that if q j ∈ Mnj , z ∈ Ym, and q j → z, then for all R > 0,
VolM j (Bq j (R))
VolM j (Bp j (1))
→ ν(Bz(R)). (9)
Furthermore, for all z ∈ Ym and 0 < r1  r2 , the renormalized limit measure ν satisﬁes the Bishop–Gromov type volume comparison
stated in (1).
For y ∈ Y , the volume ratio ν(B y(r))ωnrn is nonincreasing as a function of r. If in addition,
Vol
(
Bpi (1)
)
 v > 0,
then we say that the sequence is noncollapsing. Otherwise, the sequence is said to collapse. Note that if a sequence of
balls at the basepoints are noncollapsing then the same is true for any sequence of balls centered at other basepoints. This
follows by applying the Bishop–Gromov Volume Comparison to the second sequence of balls and using a volume comparison
argument to bound their volume from below.
For any sequence, collapsed or not, it is possible to ﬁnd a subsequence for which the renormalized limit measure exists.
Note that in the noncollapsed case it is not necessary to pass to a subsequence nor renormalize the measure; the limit
measure is simply the n-dimensional Hausdorff measure on Ym . For any R > 0, and qi → q ∈ Y ,
lim
i→∞
Vol
(
Bqi (R)
)=Hn(Bq(R)). (10)
A renormalized limit measure is then a multiple of the n-dimensional Hausdorff measure.
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on the subsequence (see Example 1.24 in [7]). Since we are concerned primarily with sequences satisfying the Euclidean
volume growth condition in the limit, we will focus only on noncollapsed sequences.
With this notion of measure for the limiting space Y , we can generalize the notion of volume growth to the class of
metric measure limit spaces deﬁned in Theorem 2.6:
Deﬁnition 2.7. Let (Y , p) be the pointed Gromov–Hausdorff limit of a sequence {(Mni , pi)} of complete, connected Rieman-
nian manifolds all of whose Ricci curvatures are nonnegative, RicMi  0. Let ν denote the renormalized limit measure of
(Y , p) as deﬁned above. Set
αY := lim
r→∞
ν(Bp(r))
ωnrn
. (11)
Note that αY is a global geometric invariant of Y and it is independent of the base point p in the deﬁnition.
3. Examples
In this section we give some examples of pointed Gromov–Hausdorff limits to aid the reader with intuition and to further
describe how the topology of the limit space is inﬂuenced by the volume growth of the limit and the nonnegativity of the
Ricci curvature in the sequence. These examples are stated in 2 or 3 dimensions but many can be generalized to higher
dimensions.
As stated before, the Gromov–Hausdorff metric gives a very weak notion of convergence and the topology can change in
the limit even in 2 dimensions. Recall the following two well-known examples:
Example 1 (Appearance of topology in the limit). There is a sequence of complete noncompact Riemannian manifolds Mni with
Ric 0 and π(Mni ) = 0 whose Gromov–Hausdorff limit Y is not simply connected.
Let M2 be the inﬁnite half cylinder S1 × [0,∞) capped off on one end with the upper hemisphere of S2 glued to
S
1 × {0} and the metric suitably smoothed at the union. M2 is simply connected and has nonnegative Ricci curvature (in
fact, nonnegative sectional curvature). Take a sequence of points pi ∈ M2 so that dM(N, pi) → ∞ as i → ∞ and where N
is the North pole of the hemisphere. The pointed sequence (M2, pi) converges in the pointed Gromov–Hausdorff limit to
S
1 × R which is not simply connected.
Example 2 (Disappearance of topology in the limit). There is a sequence of complete noncompact Riemannian manifolds Mni
with αMi > 0 which are not simply connected whose limit space Y is simply connected.
Consider cones M2 = (R2,dt2 + a2t2 dθ2), with 0 < a < 1 and the metric smoothed appropriately at the vertex. Attach
a small handle and ﬁx a point p near the vertex but away from the handle. By altering the metric through the sequence
we can make the handle slide off to inﬁnity away from the ﬁxed point p. Note that each element of the sequence (M2i , p)
has Euclidean volume growth and the pointed Gromov–Hausdorff limit (Y , p) is precisely a cone with αY = a > 0 and it is
simply connected.
The above examples show that the nature of the limit is inﬂuenced by the behavior of the base point through the
convergence. Note however that the volume growth does not change through the convergence. Example 1 has linear volume
growth throughout while Example 2 has Euclidean volume growth. It is possible for the volume growth to change as the
sequence converges and, in fact, Theorem 1.2 only requires the volume growth lower bound for the limit space.
Example 3 (Dependence of volume growth bounds only for the limit). There is a sequence of complete, noncompact 4-manifolds
M4i with Ric> 0, Euclidean volume growth satisfying 0<αM4i
 α(2,4) and with π2(M4i ) = 0 whose limit space has volume
growth αY >α(2,4) and π2(Y ) = 0.
In [15], Menguy constructs a 4-dimensional manifold with positive Ricci curvature and Euclidean volume growth (i.e.
αM4i
 c > 0) with inﬁnite topological type. The construction begins by deﬁning a metric of metric cone over a spherical
suspension over a small ball (see also [19]). The result is a double warped product
gM4 = dr2 + (cr)3
(
dt2 + sin2 t · R0 dσ 2
)
,
where dσ is the metric on the round sphere, 0< c < 1 and R0 < 1.
The cone structure ensures the manifold has Euclidean volume growth like cr4. Menguy then glues in a building block of
Perelman [17] which has nontrivial topology along the edge of the cone formed from the singular points of the suspension.
The metric can be smoothed to ensure the Ricci curvature is always positive. The ﬁnal product is a manifold with positive
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this M4. Namely, it must have αM4i
 α(2,4).
Let p be the vertex of the cone in M4i and consider the pointed Gromov–Hausdorff limit achieved by blowing up the
metric at this point. That is take (M4i , p) with the metric
gM4i
= r−2i gM4
with ri → ∞. This sequence subconverges in the pointed Gromov–Hausdorff limit to Euclidean space. Thus the limit space
observes αY >α(2,4) while the elements of the sequence clearly do not.
Another example where the volume growth requirement is attained in the limit but fails throughout the sequence is
described below. Note that strict bounds on αY alone do not force simpliﬁed topology in the limit. Despite the very large
volume growth in the limit of the following example, it is not simply connected as the elements within the sequence do
not have nonnegative Ricci curvature.
Example 4 (Dependence on Ricci curvature lower bound throughout the sequence). There is a sequence of complete noncompact
Riemannian manifolds M2i with linear volume growth (i.e. αMi = 0) whose limit Y has larger than Euclidean volume growth
but is not simply connected–owing to the lack of a Ricci lower bound for the M2i .
Let M2 be the one-sheeted hyperboloid in R3 deﬁned by
M2 =
{
(x, y, z) ∈ R3: x
2
a2
+ y
2
b2
− z
2
c2
= 1
}
. (12)
Let p be the point (a,0,0) and deﬁne the manifold M2i so that its metric gM2i
agrees with that of the hyperboloid inside a
ball of radius Ri centered at p. Outside that ball, the metric gM2i
is deﬁned as the metric of the cylinder of radius 1 + R2i
c2
.
The two metrics can be smoothed together appropriately so that the ﬁnal metric of M2i is smooth.
Note that αM2i
= 0 for all i because in the limit M2i approximates the cylinder. However, this sequence of manifolds
converges in the pointed Gromov–Hausdorff limit to the hyperboloid which has volume growth larger than that of Eu-
clidean space, i.e. αM2 > 1. Naturally, the sequence does not satisfy the necessary Ricci bound and clearly the one-sheeted
hyperboloid is not even simply connected regardless of how large the volume growth in the limit is.
We end by giving a similar example which illustrates the necessity of RicMi  0 throughout the elements of the sequence.
Example 5 (Large volume growth without Ricci curvature bound). Let X ⊂ R2 be the Hawaiian earring deﬁned by
X =
∞⋃
k=1
Ck,
where each Ck is the circle with center (2−k,0) and radius 2−k . Let Xi =⋃ik=1 Ck and consider the product M2i = R × Xi
with the warped product metric
(
M2i , gM2i
) := (R × Xi,dt2 + sinh2(t)gXi ),
where gXi is the metric of Xi induced from R
2.
The sequence {(M2i , (0,0,0))} converges in the pointed Gromov–Hausdorff limit to R×sinh2(t) X and the warping function
sinh gives each element of the sequence very large volume growth. Thus, the limit has large volume growth as well.
However the limit is clearly not simply connected as the Hawaiian earring is not simply connected. So, without the bound
on Ricci curvature, the limit may not have trivial homotopy group even if αY >α(1,2).
4. Generalizations of main lemmas
Recall from [16],
Deﬁnition 4.1. For constants c > 1,  > 0 and n ∈ N, deﬁne
γ (c, ,n) =
[
1+
(
c

)n]−1
. (13)
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Lemma 5.1. Let (Y , p) be the pointed metric measure limit of a sequence of Riemannian manifolds {(Mni , pi)}∞i=1 with RicMni  0 and
assume that αY > 1 − γ (c1, ,n) for some c1 > 1,  > 0. Then for any a ∈ Bp(R), R > 0, there exists a point q ∈ Y \ Bp(c1R) such
that dY (a, pq) R, where pq is a minimizing limit geodesic in Y connecting p and q.
The bound on αY indicates the sequence is noncollapsing and thus the measures do not need to be renormalized and
the volumes of balls in Mni converge to balls of the same radius in Y .
Proof. Let a ∈ Bp(R) and choose δ > 0 such that Ba(δ) ⊂ Bp(R). By property (3) following Deﬁnition 2.2, choosing η < δ/2,
we have, for i > Nη ,
Tη
(
f i
(
Bpi (R)
))⊃ Bp(R − η). (14)
Since clearly a ∈ Bp(R−δ/2) ⊂ Bp(R−η), we have a ∈ Tδ/2( f i(Bpi (R))) for i suﬃciently large. Letting η↓0, we can construct
a sequence of points ai ∈ Bpi (R) and maps f i : Bpi (r) → Y such that f i(ai) → a ∈ Y . Therefore, a ∈ Y (and in fact any point
in Y ) can be realized as the limit of a sequence of points in Mni .
Ultimately, we would like to use Perelman’s Maximal Volume Lemma on elements of the limiting sequence to show that
the same result holds on the limit space. However, it is possible that the manifolds in the sequence {(Mni , pi)} are compact
and converge in the metric measure sense to a noncompact (Y , p). With this in mind, it is necessary to appeal to a more
general form of Perelman’s Maximal Volume Lemma as proved in his original paper [18]. With everything else remaining
the same, the original statement assumes only Vol(Bp(c2R))  (1 − γ )ωnrn , for some c2 > c1 > 1, rather than a universal
bound on the volume growth. The same proof (see [16, Lemma 1.5]) holds with neglecting the ﬁnal step of allowing c2 to
tend to inﬁnity.
By Theorem 2.6, for i suﬃciently large the volume of balls Bpi (r) ⊂ (Mni , pi) can be approximated by the volume of
balls of the same radius in the limit space (Y , p). That is to say, for any ε > 0, there exists an N > 0 such that |ν(Bp(r)) −
VolMi (Bpi (r))| < ε for all i > N . Since, αY > 1 − γ (c1, ,n) and ν(Bp(r))ωnrn is nonincreasing as a function of r, it is possible to
approximate the volume of balls in the manifolds Mni which are suﬃciently close to Y . Namely, for constants c2 > c1 > 1
and i suﬃciently large,
VolMi
(
Bpi (c2R)
)
> ν
(
Bpi (c2R)
)− ε (15)
>
(
1− γ (c1, ,n)
)
ωn(c2R)
n − ε. (16)
Therefore, VolMi (Bpi (c2R)) (1 − γ (c1, ,n))ωn(c2R)n and by Perelman’s Maximal Volume Lemma, as originally stated
in [18] and described above, for each point ai ∈ Bpi (R) there exists a point qi ∈ Mi \ Bpi (c1R) such that dMi (ai, piqi) < R .
Here dMi denotes the distance function on M
n
i and recall ab denotes a minimal geodesic connecting a to b. In fact, since the
points qi lie on geodesics emanating from pi , it is possible to ﬁnd points qi ∈ Bpi (2R) \ Bpi (R) satisfying di(ai, piqi) < R .
Again, by the properties of pointed convergence, for all η > 0 and i suﬃciently large, there exists a map f i : Bpi (R) → Y
such that
dGH
(
B fi(ai)(R), Ba(R)
)
< η.
By controlling the location of the balls B fi(ai)(R) in relation to the points a, p ∈ Y , it is possible to also control the
location of the points f j(q j). That is to say, for all j > i, the points { f j(q j)} lie a compact sector of Bp(2R) \ Bp(R) and it is
possible to extract a convergent subsequence {q jk } such that f jk (q jk ) → q ∈ Bp(2R) \ Bp(R) ⊂ Y \ Bp(R).
The limit space Y is a complete length space; and thus, there exists a minimum length geodesic connecting the points
p and q, denoted pq. It remains only to show that this minimal geodesic path lies within R of the point a. In fact, it is
possible to realize this geodesic path in Y as the limit of geodesics piqi in Mni . Furthermore, since each of these paths lies
within R of the respective points ai , and the points ai are ‘converging’ to the point a ∈ Y , the limiting geodesic path (after
passing to an appropriate subsequence) must also lie with R of a; that is, dY (a, pq) R as required. This completes the
proof. 
5.1. Generalization of the excess estimate
Next, we generalize the Abresch–Gromoll excess estimate ([1], cf. [6]) to metric measure limits of Riemannian manifolds
with nonnegative Ricci curvature. In Section 5 we produced a limit geodesic when proving Lemma 5.1. It is only necessary
to prove the excess estimate for small, thin triangles which are formed from limit geodesics.
Lemma 5.2. Let (Y , p) be the pointed Gromov–Hausdorff limit of a sequence of complete Riemannian manifolds {(Mni , pi)} with
RicMn  0; a,b ∈ Y . Deﬁne, for any x ∈ Y ,i
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Set s(x) = min{dY (a, x),dY (b, x)} and h(x) = dY (x,ab), where ab denotes a limit geodesic in Y . If h(x) s(x)/2, then
ea,b(x) 8
(
h(x)n
s(x)
)1/n−1
. (17)
Proof. Let  > 0 and choose 0< η < /3. Given x,a,b ∈ (Y , p), let xi,ai,bi ∈ Mni be points in the sequence of manifolds that
converge to x,a,b (resp.) in the limit. By property (2) following the deﬁnition of pointed Gromov–Hausdorff convergence,
there exists a constant Nη > 0 such that for all r > 0 and i > Nη , there is a map f i : Bpi (r) → Y such that
sup
x1,x2∈Bpi (r)
∣∣d( f i(x1), f i(x2))− d(x1, x2)∣∣< η.
This implies that, for any  > 0,
∣∣ea,b(x) − eai ,bi (xi)∣∣< 3η < , (18)
for i suﬃciently large, i > Nη . Furthermore, each element of the sequence {(Mni , pi)} has RicMi  0 and so by the Abresch–
Gromoll excess estimate for Mni , we ﬁnd that ea,b(x) < eai ,bi (xi) +   8( h
n(xi)
s(xi )
)1/n−1 +  .
Note that s(xi) → s(x) and since we required the geodesic ab is a limit geodesic of Y , we also have (after passing to a
subsequence if necessary) h(xi) → h(x). Thus, for any ′ > 0,
ea,b(x) < 8
(
h(x)n
s(x)
)1/n−1
+ ′. (19)
Since ′ > 0 was arbitrary, (17) follows and the proof is complete. 
6. Proof of Theorem 1.2
In [16], we use the Homotopy Construction Theorem [16, Theorem 2.7] to show that πk(Mn) = 0 in Riemannian man-
ifolds Mn with nonnegative Ricci curvature and suﬃciently large volume growth. In fact, the Homotopy Construction
Theorem (HCT) holds for a much larger class of spaces; namely, complete, locally compact metric spaces, and thus we
can also apply it in the limit space (Y , p) to show πk(Y , p) = 0. We re-state the HCT here and refer the reader to [16] for
the complete proof.
Theorem 6.1 (Homotopy Construction Theorem). Let Y be a complete, locally compact metric space, p ∈ Y , R > 0 and f : Sk →
Bp(R) ⊂ Y a continuous map. Given constants c > 1, ω ∈ (0,1), and a sequence of ﬁnite cell decompositions K j of Dk+1 with maps
f j : skelk(K j) → Y satisfying the following three properties:
(A) K j+1 is a subdivision of K j and f j+1 ≡ f j on K j and max{diam(σ ) | σ ∈ K j} → 0.
(B) For each (k + 1)-cell, σ ∈ K j , there exists a point pσ ∈ Bp(cR) ⊂ Y and a constant Rσ > 0 such that
f j(∂σ ) ⊂ Bpσ (Rσ );
and, if σ ′ ⊂ σ , where σ ′ ∈ K j+1 , σ ∈ K j , then
Bpσ ′ (cRσ ′) ⊂ Bpσ (cRσ ), and Rσ ′ ωRσ , for ω ∈ (0,1).
(C) skelk(K0) = Sk = ∂Dk+1 , pσ0 = p, and Rσ0 = R, then themap f can be continuously extended to amap g : Dk+1 → Bp(cR) ⊂ Y .
To apply the Homotopy Construction Theorem in the limit space (Y , p), we must describe a sequence of cell decomposi-
tions K j and maps f j deﬁned on the k-skeletons of K j which satisfy the conditions (A), (B) and (C) above. To deﬁne K j , we
can use the same cell decompositions of Dk+1 as were used in the Riemannian case. The only subtlety arises in creating the
maps f j . In the Riemannian case, these are constructed using a Moving In Lemma ([16, Lemma 3.5], [18, Statement (C)]).
As stated in [16] and [18], this lemma requires nonnegative Ricci curvature and a volume growth lower bound in Mn in
order to apply Perelman’s Maximal Volume Lemma and the Abresch–Gromoll excess estimate. However, since we have gen-
eralized versions of these lemmas for the limit space (Y , p), we can prove an analog of the Moving In Lemma for the limit
space (Y , p).
To state the Moving In Lemma for Gromov–Hausdorff limits, recall the deﬁnition for the volume growth constant
β(k, c,n) which we deﬁned in [16].
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guarantee that any continuous map f : Sk → Bp(R) has a continuous extension g : Dk+1 → Bp(cR). Deﬁne
β(k, c,n) = max
{
1− γ (c,h−1k,n(c),n); (20)
β
(
j,1+ h
−1
k,n(c)
2k
,n
)
, j = 1, . . . ,k − 1
}
, (21)
where β(0, c,n) = 0 for any c and β(1, c,n) = 1− γ (c,h−11,n(c),n).
The deﬁnition of γ (c,h−1k,n(c),n) is given in (13) and the function hk,n is deﬁned in Section 3 of [16]. Recall, the function
hk,n is a smooth, one-to-one, onto increasing function which relates the constant c > 1 and a small constant d0 > 0. The
constant c > 1 denotes the location of the homotopic extension coming from the HCT and the constant d0 describes the
location of the image of the map we achieve from the Moving In Lemma. More is said about the nature of these two
constants and how they are related in the discussion in Section 3 of [16]. Given k,n ∈ N, set hk,n(d0) = c. The coeﬃcients of
the function hk,n are deﬁned iteratively and we verify that these coeﬃcients (and thus the function as well) are optimal in
Appendix of [16].
We have
Proposition 6.3 (Moving In Lemma for GH limit). Let (Y , p) be the pointed Gromov–Hausdorff limit of a sequence of Riemannian
manifolds {(Mni , pi)} with RicMi  0 and let ν denote the renormalized limit measure of Y . For a small constant d0 > 0 and k,n ∈ N,
if
αY  β
(
k,hk,n(d0),n
)
(22)
then given q ∈ (Y , p), ρ > 0, a continuous map φ : Sk → Bq(ρ) and a triangulation T k of Sk such that diam(φ(k))  d0ρ for all
k ∈ T k, there exists a continuous map φ˜ : Sk → Bq((1− d0)ρ) such that
diam
(
φ
(
k
)∪ φ˜(k)) 10−k−1
(
1+ d0
2k
)−k(
1− hk,n(d0)−1
)
ρ. (23)
Sketch of proof. The original idea and proof of the Moving In Lemma for Riemannian manifolds is due to Perelman [18,
Statement (C)]. In [16] we extend Perelman’s result to determine precise constants for the volume growth which describe
how various homotopy dimensions are inﬂuenced as the volume growth increases. The analysis to determine these precise
bounds for the volume growth of the Riemannian manifold is given in great detail in [16]. Here we show that the result of
the Moving In Lemma can be extended to Gromov–Hausdorff limits assuming a similar volume growth bound is obeyed in
the limit (Y , p).
The proof of the Moving In Lemma for GH limits mirrors the proof of the Moving In Lemma for Riemannian manifolds
which can be found in Section 3 of [16]. The proof is by construction and the map φ˜ is built inductively on i-dimensional
skeletons of the given triangulation of Sk . The key point in the Riemannian case which requires the smooth structure arises
in an application of Perelman’s Maximal Volume Lemma to create a long well-placed geodesic in Mn . One then applies the
Abresch–Gromoll excess estimate to the long thin triangle made from this geodesic. The proof of the Moving In Lemma
for the limit space (Y , p) follows verbatim replacing the original Perelman Maximal Volume Lemma with our generalized
version (Lemma 5.1) and replacing the Abresch–Gromoll excess estimate with our generalized excess estimate as applied to
limit geodesics in (Y , p) (Lemma 5.2). This completes the proof of the proposition. 
Before we proceed to the proof of Theorem 1.2, let us recall Perelman’s argument describing how to apply the Moving
In Lemma to create a homotopic extension of a continuous map f on Sk . Ultimately, this amounts to an application of
the Homotopy Construction Theorem. The hypothesis of the Homotopy Construction Theorem requires a sequence of cell
decompositions K j of Dk+1 and a sequence of maps fk deﬁned on the k-skeletons of the K j which satisfy the conditions (A),
(B), and (C). Following [18], take any (k + 1) cell in K j and express it in polar coordinates as Sk × (0,1] ∪ {0}. Let T k be a
triangulation of Sk (satisfying the condition of the Moving In Lemma) and decompose this cell into components so that the
original cell intersects the k-skeleton of the decomposition at
S
k × {1} ∪ Sk ×
{
1
2
}
∪ skelk−1
(
T k
)×
[
1
2
,1
]
. (24)
This process can be repeated on smaller and smaller scales so that as j → ∞ the k-skeleton of K j creates a very ﬁne net
ﬁlling in Dk+1. We use the Moving In Lemma to deﬁne a sequence of continuous maps f j on the skel j(K j) for each j. We
must deﬁne f j+1 on the three components of (24) above. Set f j+1 ≡ f j on Sk × {1}. Applying the Moving In Lemma (taking
542 M. Munn / Differential Geometry and its Applications 28 (2010) 532–542f j for φ), set f j+1 = f˜ j on Sk × { 12 }. Lastly, using induction and assuming that lower dimensional maps can be extended
across Si for i = 0, . . . ,k − 1, we can ﬁll in the maps f j+1 consecutively across skeli(T k) × [1/2,1] for i = 0, . . . ,k − 1. This
construction of cell decompositions K j and maps f j satisﬁes the hypothesis of the Homotopy Construction Theorem and
thus a homotopic extension of the map f exists.
We can use precisely the same idea in (Y , p) to construct a homotopic extension in the limit space as well. The only
necessary tools were the Moving In Lemma and the Homotopy Construction Theorem. Since the Homotopy Construction
Theorem holds for any complete, locally compact metric space and Proposition 6.3 provides an analog of the Moving In
Lemma for GH limits, we can now prove Theorem 1.2.
Proof of Theorem 1.2. As in [16], we want to show that a k-sphere is contractible in the limit space. We proceed by
repeatedly applying the Moving In Lemma for GH limits keeping track of the constants until we satisfy the conditions of the
Homotopy Construction Theorem. Since the Homotopy Construction Theorem holds for any complete locally compact length
space, it certainly holds in our limit space (Y , p). Furthermore, the values we found for αM which guarantee πk(Mn) = 0 in
the Riemannian setting are precisely the bounds necessary to meet the hypothesis of the Moving In Lemma for GH limits
and thus ensure πk(Y ) = 0 for the limit space. This proves Theorem 1.2. 
In [16] we extend Perelman’s work by carefully analyzing the nature of the expression β(.,.,.) to determine explicit
values for the α(k,n) of Theorem 1.2. To determine the optimal bound for the volume growth (as determined via this
method) set
α(k,n) = inf
c∈(1,∞) β(k, c,n). (25)
The expression for β(k, c,n) is iterative and the number of terms in the maximum increases as 2k−1. However, we verify
in [16] that the leading term 1 − γ (c,h−1k,n(c),n) in fact dominates the maximum of the collection. Thus, by examining the
behavior of γ (c,h−1k,n(c),n) as a function of c, we are able to extract precise constants α(k,n) for αM which guarantee the
kth homotopy group of Mn is trivial. The same constants produce an equivalent outcome for the homotopy groups of the
GH limit space (Y , p).
In the table below we indicate the values for α(k,n) for 1 k  3, 1 n 10. The explicit form for higher dimensional
α(k,n) can be found in [16].
Acknowledgements
This paper was completed as a Visiting Fellow at the University of Warwick under the NSF International Research Fel-
lowship. I would like to thank the Mathematics Institute there for its hospitality and the NSF for their support.
References
[1] U. Abresch, D. Gromoll, On complete manifold with nonnegative Ricci curvature, J. Amer. Math. Soc. 3 (1990) 355–374.
[2] M. Anderson, Convergence and rigidity of manifold under Ricci curvature bounds, Invent. Math. 102 (1990) 355–374.
[3] M. Anderson, On the topology of complete manifolds of nonnegative Ricci curvature, Topology 29 (1) (1990) 41–55.
[4] R. Bishop, R. Crittenden, Geometry of Manifolds, American Mathematical Society, Providence, RI, 2001.
[5] D. Burago, Y. Burago, S. Ivanov, A Course in Metric Geometry, American Mathematical Society, Providence, RI, 2001.
[6] J. Cheeger, Critical points of distance functions and applications to geometry, in: Geometric Topology: Recent Developments, Montecatini Terme, 1990,
in: Lecture Notes in Math., vol. 1504, Springer, Berlin, 1991, pp. 1–38.
[7] J. Cheeger, T.H. Colding, On the structure of spaces with Ricci curvature bounded below I, J. Differential Geom. 46 (1997) 406–480.
[8] J. Cheeger, T.H. Colding, On the structure of spaces with Ricci curvature bounded below II, J. Differential Geom. 54 (1) (2000) 13–35.
[9] J. Cheeger, T.H. Colding, On the structure of spaces with Ricci curvature bounded below III, J. Differential Geom. 54 (1) (2000) 37–74.
[10] J. Ennis, G. Wei, Describing the universal cover of a compact limit, Differential Geom. Appl. 24 (5) (2006) 554–562.
[11] K. Fukaya, Collapsing of Riemannian manifolds and eigenvalues of the Laplace operator, Invent. Math. 87 (1987) 517–547.
[12] M. Gromov, J. Lafontaine, P. Pansu, Structures métriques pour les variétés Riemanniennes, Cédic/Fernand Nathan, Paris, 1981.
[13] P. Li, Large time behavior of the heat equation on complete manifolds with nonnegative Ricci curvature, Ann. of Math. 124 (1986) 1–21.
[14] J. Lott, C. Villani, Ricci curvature for metric-measure spaces via optimal transport, Ann. of Math. 169 (3) (2009) 903–991.
[15] X. Menguy, Noncollapsing examples with positive Ricci curvature and inﬁnite topological type, Geom. Funct. Anal. 10 (2000) 600–627.
[16] M. Munn, Volume growth and the topology of manifolds with nonnegative Ricci curvature, Journal of Geometric Analysis (2010), in press.
[17] G. Perelman, Construction of manifolds of positive Ricci curvature with big volume and large Betti numbers, in: Comparison Geometry, MSRI, Berkeley,
CA, 1993–1994, pp. 157–163.
[18] G. Perelman, Manifolds of positive Ricci curvature with almost maximal volume, J. Amer. Math. Soc. 7 (1994) 299–305.
[19] Z. Shen, C. Sormani, The topology of manifolds with nonnegative Ricci curvature, in: Communications in Mathematical Analysis Conf. 01, 2008,
pp. 11–19.
[20] C. Sormani, G. Wei, Universal covers for Hausdorff limits of noncompact spaces, Trans. Amer. Math. Soc. 356 (3) (2004) 1233–1270.
[21] K. Sturm, On the geometry of metric measure spaces. I, II, Acta Math. 196 (1) (2006) 133–177.
